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ABSTRACT 

The magnetic moments of Λ-hypernuclei are the most interesting observables, which provide a highly sensitive probe of 

lambda in the hypernuclei structure and also supply direct information on hyperon-nucleon interactions. In this work, we 

derive the magnetic moments of Λ-hypernuclei such as 
13

C
 , 

17
O

  and 
41

Ca


 employ a relativistic approach in the fact 

of the Dirac equation and the spin-orbital potential in their ground and excited, i.e., the 1S1/2, 1P3/2 and 1P1/2 conditions. 

We, then, extract an analytic solution for the wave function of hyperon, which is needed for computing the magnetic 

moments of Λ-hypernuclei. The hypernuclei magnetic moments are the magnetic moment of the last unpaired baryon for 

the odd mass hypernuclei; therefore, in our work, we study the hypernuclear magnetic moment with one Lambda added 

to a closed-shell core of nucleons. Since Λ-hypernuclei is an isoscalar particle, it is possible to probe the modified core 

current electromagnetically directly. 

 

Keywords: Lambda Hypernuclei, Hyperon, Dirac Magnetic Moment, Anomalous Magnetic Moment.

 
 
 

I. Introductions 
 

Hypernuclei are complicated nuclear systems 

where one or more hyperons replace one or more 

nucleons. Hypernuclei can be described by their 

properties such as the binding energy, electric 

charge, magnetic moment, etc. Among these 

quantities, the magnetic moment provides a highly 

sensitive probe of single-particle structure and 

serves as a stringent test of nuclear models [1]. It 

should be noted that nuclei's magnetic moments 

have also been a driving force of various new ideas  
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in nuclear theory, such as the single-particle 

 picture, the configuration mixing [2], and the 

meson exchange currents [3]. It is, then, expected 

that the more accurate study of magnetic moments 

of hypernuclei may reveal new aspects of 

Hypernuclear physics. On the other side, the 

hypernuclei magnetic moments can provide direct 

information on hyperon-nucleon interaction and 

the role of hadrons in the nuclear medium [4]. It 

can further probe the shell structure of the nucleon 
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as well as the lambda in hypernuclei [5]. It should 

be mentioned that the magnetic moment may be 

sensitive to the spin and angular momentum  

structure of hypernuclei as well as the  

spin-dependent hyperon-nucleon interactions. The 

relativistic and nonrelativistic schemes give 

similar values for nuclear magnetic moments. As a 

short description, in the nonrelativistic shell model, 

the Schmidt values of magnetic moments are 

obtained directly by neglecting the core 

polarization due to a particle or a hole added. 

On the other hand, in relativistic approaches the 

results come from the compensation of two effects, 

the enhancement of the valence particle current 

due to the reduction of the effective nucleon mass 

and the  contribution of the additional current raised 

from polarized core nucleons [6]. Applied 

relativistic models give the magnetic moments of 

Λ-hypernuclei remarkably different from Schmidt 

values, as is expected [7]. The main differences are 

related almost entirely to the Dirac part of magnetic 

moments because the anomalous part of magnetic 

moments agrees with Schmidt values up to 0.2% 

[6]. Due to the neutrality of Λ, the Dirac part of the 

magnetic moments originates in the nuclear core's 

polarization. The sign of the magnetic moment is 

specified by the anomalous position and is negative 

(positive) for 1/ 2( 1/ 2)+ −  states while the 

Dirac part and, thus, the core contribution always 

has a negative amount for the mentioned cases. In 

this work, in a relativistic approach, we analytically 

determine the magnetic moment of several  

Λ-hypernuclei such as 
13

C
 ,

17
O

  and 
41

Ca
  in 

their ground and excited states, i.e. the 1 2
1s , 

3 2
1p  and 1 2

1p  states. For our analysis, we 

consider the spin-orbital potential and determine 

the wave function of hypernuclei. Then we 

compute the Dirac, the anomalous and the total 

magnetic moments of the ground, and the excited 

states of Λ-hypernuclei.  

 

II. Research Theories 

The Dirac equation for spin-1/2 particles in the 

natural units (where c 1= = )  is given by 

(1) 

( )S V

nk jm

nk jm

α.p +β M+U (r) - E + U (r) Ψ(r) = 0,

F (r)Y (θ, )1
with ψ(r) =

r iG (r)Y (θ, )

  

 
 
  

 

 

where,  and 1 2 3( , , ) =     are the Dirac 

matrices. p and E refer to the momentum and 

relativistic energy of particles. F(r) and G(r) are 

wave functions. “n” is the radial quantum number, 

and k( (j 1 2))=    (j total angular-momentum) 

is the possible eigenvalue of the operator

ˆ ˆK( ( .L 1))=   + . Here, 
SU  and 

VU  are the scalar 

and the vector potentials, respectively. M is the 

baryon mass. Putting    and   in Eq. (1), two 

coupled first-order Dirac equations are obtained 

 

1

nk nk nkF (r) k r F (r) (M E )G (r),− + = + −  (2) 

and 

1

nk nk nkG (r) kr G (r) (M E )F (r),− − = − +  (3) 

 

where (r)  and (r)  are 

(4) 

  

V S(r) U (r) U (r) = −   

 

and  
 

V S(r) U (r) U (r). = +  

 

We consider the case of exact spin symmetry for 

which 0 =  and 
spin orbit(r) V (r)− = . The spin-orbit 

potential spin orbitV −  is 
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(5) 

 

r R

a

spin orbit so r R

2a

1

so 1 so

e
V (r) V ,

a(1 e ) r

V U (1 2ZA )U j( j 1) ( 1) s(s 1)

−

− −

−

=

+

= − − + − + − +

  

 

where, Z and A are the atomic and the mass 

numbers, respectively, and 
0

1 3
R r A= . The 

parameter ‘a’ refers to the thickness of the surface. 

The values used for the parameters are

0
1.2fmr =

1U -0.075MeV= ,  

so
3.7516 MeVU = and a=0.54fm. By composing 

Eqs. (2) and (3) and also considering k =  Eq. 

(5), one gets 

(6) 

( ) so

nk 2

r R

a
2 2

nkr R

2a

2 M E v( 1)
F (r)

r r

e
E M F (r) 0.

a(1 e )

[

]
−

−

++
 + − +

+ − =

+

 

 

The above equation cannot be solved, then we 

apply the Pekeris approximation [8] for the term 

21/ r . To apply this approximation, we use the 

variable changing, r R(1 q)= +  then we have 

 

2

2 2 2 2

1 1 1
(1 2q 3q ...),

r R (1 q) R
= = − + +

+
 (7) 

 

where the Taylor expansion is also used. On the 

other hand, using the Pekeris approximation, one 

can write 

(8) 

1
02 2

2

2

1 1 A
(A

Rr R
1 exp( q)

a

A
).

R
1 exp( q)

a

= + +

+

 
+ 

 

 

To determine 0
A , 1

A  and 2
A  we expand the 

right side of Eq. (8) around q 0=  so that we obtain 

(9) 

1 2
02 2

2
22

1 2 2

1 1 A A
{(A )

r R 2 4

R R A
(A A )q q }.

4a 16a

= + + −

+ + +

 

 

A term-by-term comparison of equations (7) and 

(9) leads to the following quantities 

(10) 

2
1

0

2
1 2 2

1 2

a
A (R 4a 12 )R ,

R

a
A (8a 48 )R , A 48a R

R

−

− −

= − +

= − =

  

 

By this approximation, Eq. (6) is converted to the 

following form 

(11) 

( )

2 1
nk 0 r R

a

r R

a
so2

2 2
r R r R

a a

2 2

nk

A
F (r) ( 1)R (A

1 e

2 M E vA e
)

r
1 e 1 e

E M F (r) 0.

[

]

−

−

−

− −

 + − + + +

+

+
+

   
+ +   

   

+ − =

 

 

The presence of the term 1/ r  in the above 

equation still makes it difficult for our analytical 

solution. For this reason, we apply another 

approximation 0

r/a
1 r e /

−
=   where 0

   is an 

adjustable parameter with a length dimension. It 

can be shown that taking 
0

0.15fm =  and 

a 0.45fm=  leads to a reliable approximation. 

Using this approximation and introducing a new 

variable as 
r /az e= − , Eq. (11) is simplified to the 

following form   
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(12) 

( ) ( ) ( )

( )

R

a

nk nkR 2
R

a 2 a

2

02 2 2

R

a

1 02 2

R
Ra
a

0 2 12 2

R

a
2so

nk2

0

(1 e z) 1
F (r) F (r)

z(1 e z) z 1 e z

( 1) 2M(M B) (M B)
{ A

a R a

e ( 1)
A 2A 2 3M B B M z

a R

e ( 1)
[ A (A A )e

a R

e 3M B 2v
B M ]z } F (z) 0,

a

−
 + +

 − − 
 

+ − + −
− +

+ 
+ + + − − 

 

 +
− + + 

 

−  
+ − − = 

 

 

 

In the equations above, we set E B M= − +  B as 

the binding energy of baryon. Now, equation (12) 

is converted to a suitable form which can be solved 

by the NU (Nikiforov-Uvarov) approach in Ref  

[9, 10]. Ignoring the cumbersome and complicated 

detail of solution, our analytical result for the Dirac 

spinor n kF (r)  is given by  

 

(13) 

4
3

3 3

2
1 1

3

N
-N -

N Nr/a r/a

nk 0

N
(N -1, -N -1)

N r/a

n

F (r) = N (-e ) (1+ e )

P (1+ 2e ) ,

 

 

 

where,
0

N  and P are the normalization constant 

and the Jacobi polynomials, respectively, and 

  

(14)  

1 3

R R 2R 2R

a a a a
2 3 2 3 1

3 3

R R 2R 2R R

a a a a a
4 2 3 1 3

N =1 2 β ,

1
N = 2e (1+ β ) + 2 β e β e e β

4

N = β ,

1 1
N = e - β e β e e β - e β

2 4

+

− + + +

− − + + +

 

Where 

 

(15) 

( )

( ) ( ) ( )

R
Ra
a

1 0 2 12 2

R

a
so

2

0

R

a

2 1 02 2

2

3 02 2 2

e ( 1)
A (A A )e

a R

e 3M B 2v
B M ,

a

e ( 1)
A 2A 2 3M B B M ,

a R

( 1) 2M(M B) (M B)
A .

a R a

 +
 = + + + 

 

−  
− − 

 

+ 
 = + + − − 

 

+ − − − −
 = +

 

 

By substituting Eq. (13) into Eq. (3) one leads to 

the second component nkG (r) as 

 

(16) 

( )

3 3 4

1 2 1

1 2 1

r r

N -N -Na a

nk 0

r

(N ,N -N )r/a a
2 n-1

r r

-1a a
3 4 3

0

r

(N -1,N -N -1) a
n

( e ) (1+ e )
G (r) N

a(2M E)

(n 1) N e P (1+ 2e )

a
e (N + N )(1+ e ) N

P (1+ 2e )

{

}.

− −

−

− −

−

−

−
=

−

− +

 
− + + 

 

 

 

 

The magnetic moment is defined as D aμ = μ μ+  

so that D
μ  and aμ are the Dirac and the 

anomalous magnetic moments, respectively. The 

anomalous magnetic moment aμ  one has [11] 

 

(17) 

2 2
2 nk nk

a B k

k -k

G F
μ = 2μ jΩ r dr + ,

2 +1 2 +1
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where kΩ =1(-1) , k = -k -1(k) for 

k < 0(k > 0) . Also, for the Dirac magnetic 

moment, D
μ  one has [12]   

(18) 

( ) ( )

( ) ( ) ( )

2 2 2

D nk nk

2 2k k
nk nk f

k -k

j
μ = - r dr (G r F r -

2

Ω Ω
G r F r )B r

2 +1 2 +1

−

−


 

 

where the reduction factor ( )fB r is defined as 

 

(19) 

( )

-1
2 3

2
2

N N

Λν N
f

Nν Λ Nν N

3π
ρ (r) +M

2g M
B r = 1+

g M λ ρ (r)

 
 

  
  

  
 
 
 

 

 

 

The equation above stands for the mass of  

 -hyperon and nucleon, respectively, 

Λν Nνg g 2 / 3/ =  and 
2 2

N ν Nν νλ g / m=  in which 

Nν 13g =  [12]. The density distribution of the 

nuclear core Nρ (r)  is given by [13] 

 

 
-1

(r-R) a

N 0ρ (r) = ρ 1+e                          (20)                

 

 

 

 

 

 

 

 

 

 

where 
3

0
0.14fm

−
 = . We use F(r) and G(r) to 

calculate the magnetic moment. In the following, 

we present our numerical analysis of the magnetic 

moment. 

 

III. Results and Discussion 

In Table 1, our results are compared with the ones 

presented in Ref. [11]. It should be noted that in 

Ref. [11] the effects of core polarization and tensor 

coupling on the magnetic moments are studied 

through the Dirac equation in the presence of 

tensor potential. It is shown that the inclusion of a 

tensor coupling suppresses the effect of core 

polarization on magnetic moments. Although, 

since the hyperon wave functions are not sensitive 

to the tensor potential, the magnetic moments with 

or without tensor potential are almost the same. 

Therefore, the small differences between both 

results in Table 1 directly consequence of the 

coupling chosen for the lambda hyperon. In Table 

2, we listed our theoretical results for the total 

magnetic moments of ground and excited  

Λ-hypernuclei, i.e. lambda hyperons in the states 

1s1/2, 1p3/2 and 1p1/2. They are also compared 

with the values obtained by Ref [11]. As it is seen, 

there are good agreements between both results; 

however, the original differences arises from the  

 

 

Table 1. Dirac magnetic moments of lambda-hypernuclei 
13

C ,
17

O  and 
41

Ca
 ( 4

D 10μ ( n.m)− ). 

 

Hyper nuclei  Ref
 
[11]

 
 Ref [11]

 
 Ref [11]

 

 -390 -395 -329 -322 -224 -215 

 -489 -483 -513 -503 -378 -369 

 -711 -701 -1046 -1065 -556 -546 

 

1 2
1s

3 2
1p

1 2
1p

13
C



17
O



41
Ca



Table 2. Magnetic moments of ground and excited lambda hypernuclei 
13

C ,
17

O  and 
41

Ca  (μ(n.m) ). 

 
 

    

Hyper nuclei This work
 

Ref [11]
 

This work
 

Ref [11]
 

1 2
1s 3 2

1p
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tensor coupling effect, which is completely ignored 

in our work due to the complexity of the Dirac 

equation in the presence of the tensor coupling 

term. Note that, in hypernuclei, the tensor coupling 

is essential to reproduce the weak spin-orbit 

splitting in Lambda hyperon [14]. 

 

IV. Conclusions 

Among all, the magnetic moment of Λ-hypernuclei 

is one of the most important observables related to 

hypernuclear physics. In this regard, it provides 

possible tests of relativistic models of nuclei and 

does also have an important implication for 

theoretical predictions of hadronic properties in 

nuclear matter. Since long ago, there has been an 

increasing interest in relativistic effects arising in 

models of the nucleus based on the Dirac equation 

with strong scalar and vector potentials. Although 

relativistic and nonrelativistic models yield similar 

results for the isoscalar magnetic moments, there is 

a fundamental difference between these 

approaches [15]. In the relativistic picture, the 

Schmidt values are obtained from two canceling 

effects, while they arise directly in the 

nonrelativistic shell model. Thus, finding cases for  

 

 

 

 

 

 

 

 

 

 

 

which these underlying theories have other 

predictions is desirable. In this work, in a  
 

relativistic approach, we analytically determined 

the magnetic moments of several lambda 

hypernuclei, considering the spin-orbital potential. 

Using the NU method, a first effort is made to 

calculate the wave function analytically. The 

magnetic moments are computed for the ground 

and excited states of several lambda hypernuclei.  
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