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ABSTRACT 
 

We have investigated the shape evolution and shape coexistence in the even-even neutron-rich isotopes of Yb, 

Hf, W, Os, and Pt and the isotones N = 110-122 in the A~190 within the microscopic-macroscopic Cranked 

Nilsson-Strutinsky framework. Here, we have focused on the potential energy surface (PES) calculations to 

detect shape variations with N and Z. The PESs in the ground state for low-lying energy show the presence of 

collective and non-collective bands. The results are comparable to the studies of others where the pairing 

correlation was also included. Deformation changes in the isotopic and isotonic chains with increasing the 

neutron and proton number and the filling of closed shells. The qualitative consistency of our calculations 

without pairing correlations, especially on the position of the PES's minima, shows that the pairing force has 

no considerable effect on the nuclear shape, at least in the mass region A~190.  
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1. Introductions 

In nuclear physics, nuclear shapes and their 

evolution play an essential role in understanding 

nuclear phenomena and describing their structure. 

Investigating and studying the existence of nuclear 

shape evolution and their deformation as a function 

of proton and neutron numbers from different 

viewpoints has attracted significant theoretical 

interest [1-15]. Nevertheless, coexisted minima are 

realized well in the context of the nuclear shell 

model as arising from intruder excitations, 

especially in the immediate closed-shell area.  
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Thus, obvious signals of its existence have been 

obtained around proton or neutron-closed shells 

[5]. During the last decades, one active and 

attractive field research has been the shape 

coexistence phenomena in the 𝐴 ∼ 190  mass 

region (see Refs [2, 5] and references therein). To 

investigate shape coexistence,, various approximations 

are available that survey heavy nuclei (About our 

favorite mass region). Several works have been 

carried out in Pt, Os, W, Hf, and Yb isotopes chains 

[9-25], such as Skyrme-function, the Gogny-

interaction, or using a relativistic mean-field 
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approach or interacting boson model (IBM). The 

neutron-rich nuclei W, Os, and Pt is determined 

with different shapes in their ground states like 

prolate, oblate, triaxial, and spherical [19]. The 

atomic nuclei' ground state shapes evolution is an 

active and motive research field [19,15]. In 

general, in the study of the structure of the nucleus, 

there are two computational methods, microscopic 

and macroscopic, neither of which alone has been 

able to  describe the nuclei. We aim to use the 

macroscopic-microscopic Cranked Nilson-Strutinsky 

(CNS) model [26,27] to describe the shape 

evolution shape coexistence in the chains of even-

even Pt, Os, W, Yb, Hf isotopes in the neutron 

number range N =110 - 122 (the proton number 

Z=70-78). The CNS code is an approximate 

Hartree-Fock method [28]. In this method, a 

deformed mean field is considered a modified 

harmonic oscillator for the nuclei. The total energy 

obtained is minimized relative to the deformation 

parameters [28]. And the potential energy surfaces 

(PES), rotational bands, how these energy 

minimums are located, and their effect on the 

structure of nuclei are studied. 

 

2. Research Theories  

In this study, we use the unpaired Cranked Nilson-

Strutinsky Model to calculate and study the 

structure of nuclei and nuclear potential energy 

surfaces. This approach is a microscopic-

macroscopic method, making it one of the best and 

strongest nuclear models in studying the structure 

of the nucleus in the different mass regions. This 

mean-field Hamiltonian described nucleons in the 

rotating nuclei that it is Cranked modified 

oscillator Hamiltonian [31], 
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The index t in the orbital angular momentum 

operator tl  is defined in stretch coordinates [33]. 

Parameters   and  determine the strength of the 

.tl s and 
2

tl terms [33]. The total microscopic 

energy is given by the summing of these single-

particle energies over the occupied states. That is 

given by Eq. (3). 
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When the number of neutrons and protons changes 

or the shape of the nucleus varies, a sum of single-

particle energies illustrates the fluctuations in the 

total energy, and this caused Strutinsky to 

renormalize summation, shE  to empirically 

learned liquid drop energy LDE . Thus, the total 

energy is obtained by using the shell correction 

method which is defined as the sum Eq. (4), 

(4) 

2 4 2 4
( , , , ) ( , , , )

tot LD
E I E I     = 

2 4
( , , , )

sh
E I  +                               

 

And the macroscopic term LDE is considered by 

the Lublin Struburg Drop (LSD) formula [27]. The 

PES is calculated by minimizing the total energy 

with notice to the hexadecapole parameters and 

plotted in the 2( , )  plane. 

 

3. Calculation 

This work minimizes the energy in a three-

dimensional deformation space ( )4
, ,    in the 

standard CNS code. The three-dimensional space 

of the mesh we used in these calculations is as 
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follows (numbers in brackets indicate the step 

length in the calculation for a given variable): 
 

( )
( )
( )4

0.00 0.04 0.64

0.28 0.04 0.32

0.09 0.03 0.09

x

y



=

= −

= −

 

 

The standard parameter is considered for the mass 

region of heavy nuclei in the calculations for the 

single-particle parameters  and  in Refs.  

[29-31]. Where the (x,y) coordinates are related to 

the coordinates (ɛ, γ) [29]. According to the mesh, 

there are 17 16 7 1904  =  points in the 

deformation space that each point defines the 

deformation [29,32]. The solution of this 

Hamiltonian is performed in the ground state and 

one of the quantum configurations ( ),   of parity 

and signature. We are currently examining the 

ground state of these isotopes. To configure the

( ),+ +  spin parity, the ground state of the nuclei 

with even-A is 0+
 and the spin range 

( )0.5 76.5I = −  is obtained. To study the 

properties and characteristics of a nucleus, we need 

to know the eigenfunctions, eigenvalues, and total 

energy, so per point of the mesh, the CNS 

Hamiltonians must be calculated.  

 

4. Results and Discussion 

Figure 1 examines the isotopic chain PESs of the 

Yb, Hf, W, Os, and Pt even-even nuclei with 

neutron numbers (110 ≤ N ≤ 120) using the CNS 

method. In these diagrams, we can see an increase 

in the number of neutrons from left to the right and 

in the number of protons from top to bottom. In this 

study, we can see interesting results that are 

comparable to the studies of others [9-15]. As 

expected, due to the increase in the number of 

neutrons and protons and the filling of the closed 

shell, we must have both shape evolution and 

deformation changes, which are quite evident in 

the isotopic and isotonic chains of these nuclei. In 

all PESs in the ground state shape, coexistence was 

considered for low-lying energies in all isotopes, 

except in some Pt isotopes, the simultaneous 

presence of collective and non-collective bands is 

quite visible. In these nuclei, by increasing Z, the 

transition from prolate to oblate can show that we 

have almost the same course in the first three  

Yb-W nuclei, but the conditions will differ for Os 

and Pt. In the study of Yb isotopes, we see that this 

transition occurs at N = 118, i.e from N = 110 to  

N = 118, the Prolate shape is visible. And appears 

from 𝑌𝑏12070
190 as an oblate shape, also in these 

diagrams in the ground state can be seen triaxial 

minimums at higher energy levels and shallower 

depths for 𝑌𝑏114−11870
184−188  . Also, for 𝑌𝑏12070

190  

there is a coexistence between the prolate and 

oblate shapes (the collective and non-collective), 

only these Prolate minimums are visible at shallow 

energies. There is also this transition for the second 

row of the hafnium isotopic chain. These shapes 

evolution occurs with the appearance of triaxial 

minima from 𝐻𝑓11472
186  to  𝐻𝑓11872

190  . In 𝐻𝑓11672
188  

which is the same as the transition nucleus from 

prolate to oblate. In some studies [9-13], triaxial 

minima with the same energy can be seen in all 

three regions ( )120 60−   − , ( )60 0−    

and ( )0 60  . Of course, it can be seen that 

these minimums are present in its two neighboring 

nuclei but at higher energies. But the minimum 

energies of the yrast and close to the yrast from  

N =120 appear as an oblate. Nevertheless, it is 

expected that as the N increases from left to right 

for all nuclei, the deformation will decline due to 

the proton (neutron) shell filling and approaching 

the magic numbers 82 (126). In 𝐻𝑓12272
194  The 

interesting thing that happens is that the presence 

of minima with energy close to yrast is greater in 

difference quadrupole deformations. This, of 

course, considering them in the yrast state, which it 

can be seen correctly in the PES diagrams because, 

as it is obvious, the nuclei tend to have a spherical 
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shape as they approach the closed shell, and the 

deformation in them decreases.  For row three, the 

tungsten isotopes (196 -184) show the shape 

transition at the same N = 118 and the triaxial 

minimums at higher energy levels, and like the 

previous two nuclei, the oblate bands are formed at 

N = 120. At N = 122, it can be seen that the 

isosceles minima with the yrast state are non-

axially extended and the deformation reduction is 

also observed. An interesting thing is happening 

for the isotopic chain Os in the fourth row of these 

diagrams. There is no shape transition or the 

triaxial minimum in this nucleus. Only in the 

neutron range N = 110 - 122, the two minimums of 

collective and non-collective prolate coexisted are 

also evident. We also see that the deformation 

decreases with the increasing number of neutrons. 

These rotational and non-rotational bands extend to  

𝑂𝑠11476
190 and are restricted to the prolate axes again 

from 𝑂𝑠11676
192 and widen at 𝑂𝑠12276

198  and include 

almost most of the non-axial region. However, at  

N = 120, the two minimums of rotational and  

non-rotational oblate appear very shallow. Still, no 

prolate to oblate transitions are evident for the yrast 

band and close to the yrast. In the Pt isotopic chain, 

like the isotopic chains expressed, we see a 

decrease in the quadrupole deformation parameter 

with increasing the number of neutrons. But the 

emergence of energy minima in this nucleus, the 

transition with the first three nuclei, and its 

neighboring nucleus, Os, is different. Numerous 

transitions can be observed in this area. There are 

only triaxial minima in the first three isotopes of 

platinum N = 110 - 114. And unlike the other four 

nuclei, there is no Collective and Non-collective 

coexistence. At N = 116 we have a transition from 

non-axial minimums to axial minimums and up to 

the isotope 𝑃𝑡11878
196  , we will have coexistence of 

collective and non-collective prolate shapes. Now 

we can see the second transition from prolate to 

oblate at 𝑃𝑡12078
196  and again we will have a 

transition at N = 122 from oblate to prolate. That 

is, 𝑃𝑡12278
200 , which in this study is the closest 

nucleus to the closed shell of protons and neutrons, 

appears with extensive collective and  

non-collective prolate minima. In contrast to the 

Osmium nucleus, which in this mass area had no 

transition for yrast and near the yrast bands, the 

platinum nucleus behaved quite differently from its 

neighbor. It can be said that these two nuclei show 

these current behaviors as they approach the closed 

shell of protons and neutrons. Also, even though 

pairing is considered in studies with other 

interactions, there are interesting and different 

reports for these two nuclei, especially for platinum 

[9-15]. Now if we examine the column of these 

PESs we see that (except in Pt which are only 

prolate at N = 116,118) at N = 110-118 all isotones 

are collective and non-collective prolate shape. 

And at N = 118 (except in Os) the transition from 

Prolate to oblate is observed. At N = 120 from top 

to bottom, even in Os at energies much shallower 

than the yrast, the simultaneous 4 minimum oblate 

and prolate collective and non-collective can be 

seen except Hf and W, which In platinum, these 

minimums are in energies very close to each other, 

that is, they are in energies close to yrast. It should 

be noted that by increasing the number of protons 

in all isotones, by increasing Z, and by filling the 

proton shell, we have a decrease in the quadrupole 

deformation parameter which is quite evident in the 

calculation. To better compare these PES 

diagrams, we can refer to the diagram from Ref. [9] 

calculated with the Gogny D1S interaction. 

 

5. Conclusions 

In the present research, we have systematically 

explored the Potential Energy Surfaces (PESs) in 

various isotopic chains where nuclear shape 

transitions occur. In addition, we have explored the 

shape evolution and shape coexistence in Yb, Hf, 

W, Os and Pt isotopic chains with neutron number 

(N = 110 - 122) by using the microscopic-

macroscopic unpaired Cranked Nilsson-Strutinsky 
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(CNS). Interesting results are observed in five 

isotopic chains .  For all considered 

nuclei except Os at N = 118, there is a prolate to 

oblate shape transition. Of course, in the paired 

calculations, this transition was created at N = 116 

[9]. Also, for all except Pt at N = 110-114, there is 

collective and non-collective coexistence. At 

N=118, in these nuclei (even in Os, albeit at very 

shallow minima), the coexistence of four minimum 

oblate and prolate collective and non-collective is 

reported. 

In contrast to the Os isotopes, which had no 

transition in this mass region, in Pt, a triaxial to 

prolate shape transition is seen at N = 114, then an  

oblate-prolate shape transition at N = 118 and an 

oblate-prolate shape transition at N = 120. In all  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

isotonic chains, the quadrupole deformation 

parameter decreases as the shell fills and 

approaches the closed shell. It is evident that in the 

theoretical calculations of others, considering the 

pairing interaction, this issue has also been 

reported for β [9-15]. However, here in the isotope 

in which the transition takes place, we will see an 

increase in the amount of axial quadrupole 

deformation parameter. Based on the behavior of 

the closed shell and its alignment as well as other 

theories, it is observed that the intended nuclei tend 

to be spherical.  The qualitative consistency of our 

calculations without pairing correlations with 

paired studies, especially on the position of the 

PES's minima, shows that the pairing force has no 

considerable effect on the nuclear shape, at least in 

the mass region A~190. 
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Fig. 1. PES diagrams on the (ɛ, γ) plane for even-even isotopic chains Yb, Hf, W, Os, and Pt, respectively, with 

neutron number (N = 110-122), by using the microscopic-macroscopic unpaired Cranked Nilsson-Strutinsky (CNS) 

formalism in the ground state . 
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