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A B S T R A C T 

The nuclear fission of protactinium nuclei is a complex process influenced by an intricate interplay of 

nuclear components and microscopic details. This study presents a comprehensive analysis of the 

fission mechanism for 231-232Pa, emphasizing the role of parameters of fission barriers, static and 

dynamic deformations, predictions of nuclear level densities (NLD) models at the fission saddle points, 

and its change compared to the ground state, fission models and fission dynamics. Through a 

combination of theoretical modeling and advanced simulation techniques using nuclear reaction and 

evaporation codes, the neutron-induced fission cross sections of 231Pa are calculated and the profound 

impact of NLD on the static and dynamic deformations is illustrated. Our findings can be confirmed with 

experimental data which serve as benchmarks for the veracity of the proposed models. It is shown that 

the NLDs at saddle points have a significant effect on reaction results and fission path determination. 

Additionally, the impact of nuclear dynamic deformations should be included in the nuclear level density 

on the fission barriers so that the modeling can reproduce the experimental data. This study can be 

considered  an essential roadmap for understanding the behavior of nuclear reactors and the 

development of nuclear energy. 
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1. Introductions 

The multifaceted nature of neutron-induced 

competitive nuclear fission encapsulates a 

treasured yet intricate dynamical phenomenon 

that holds considerable significance in both 

fundamental     physics     and     applied    nuclear  
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technology. It provides an exceptional window 

into the interplays between microscopic 

particle interactions and macroscopic statistical 

processes that govern the stability and eventual 

division of an atomic nucleus. This research 
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delves into the core components critical to 

explicating neutron-induced competitive 

nuclear fission, with a concentrated focus on 

231Pa as an isotope whose fission characteristics 

lead to significant implications for both 

advanced reactor technology and nuclear waste 

transmutation. 231Pa is a member of the 

uranium decay series and possesses 

characteristics that make it interesting for 

fission studies. Specifically, it serves as a 

potential intermediate in the production of 

other actinides, such as 233U, which is a key 

isotope in the thorium fuel cycle [1,2]. 

Additionally, several references have shown 

that 231Pa can be utilized as a burnable neutron 

absorber in fusion reactors [3,4]. By breeding 

231Pa in these reactors and then using it in 

nuclear power reactors, it is possible to 

significantly enhance fuel burn-up. This makes 

231Pa a novel and unique material for improving 

the efficiency of nuclear fuel cycles, a role that 

has not been suggested for any other isotope 

before. Numerous studies have  focused on 

nuclear fission, particularly in the actinide 

series, but fewer studies have specifically 

focused on 231Pa, making it a relatively 

unexplored isotope in fission research. Existing 

research, mostly experimental, suggests that 

the fission properties of 231Pa may differ from 

other actinides, thus requiring more detailed 

microscopic analysis [5-7]. The intricacy of 

nuclear fission unfolds from the multifaceted 

interplay between neutrons and the target 

nucleus, where the formation of a compound 

nucleus and its subsequent passage over the 

fission barrier entail a sophisticated sequence 

of quantum and thermodynamic events. The 

study of 231Pa fission presents an exceptional 

opportunity to deepen our understanding of 

nuclear processes due to its unique position 

away from the beta-stability line, thereby 

challenging existing theoretical models. This 

research endeavors to dissect the intricacies of 

231Pa fission through advanced nuclear reaction 

codes and theoretical modeling, primarily 

focusing on the nuclear level density (NLD) at 

the ground state and at the saddle point which 

is the position where the nucleus contorts into a 

potential energy state favorable for fission. Our 

analysis quantitatively distinguishes the 

disparity in NLD between these two crucial 

stages, shedding light on its implications for the 

fission process. A pivotal focus is placed on the 

effects that dynamic (shapes and vibrations that 

occur during the fission process) and static 

deformations (inherent shapes at equilibrium) 

have on the NLD, thereby expanding our 

understanding of the microscopic origins of 

nuclear properties. Furthermore, this study 

rigorously evaluates the interaction between 

the NLD and the barrier parameters in shaping 

the fission cross-section calculations, 

challenging existing predictive capabilities. The 

NLD represents a cornerstone for 

characterizing the fission landscape; thus, our 

investigation delineates the stark contrast in 

NLD between the ground state and the saddle 

point. Key hypotheses suggest that dynamic and 

static deformations play a pivotal role in the 

modulation of NLD which affects the perceived 

energy barriers that govern the likelihood of 

fission. In tandem with these deformations, this 

study carefully analyzes the concomitant effects 

on fission cross-section calculations, which are 

heavily influenced by both NLD and the 

characteristic parameters of barrier heights and 
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curvatures. Many theoretical models have been 

developed that investigate NLD and its related 

parameters under different conditions [8-26]. 

Several well-known and widely used models  

are used in reaction codes including the 

phenomenological models (the constant 

temperature model (CTM) [8], the back-shifted 

Fermi gas model (BFM) [9] and the Generalized 

superfluid model (GSM) [27]) and the 

microscopic models [28-33]. We explore NLD 

models to ascertain the degree to which various 

theoretical approaches can replicate 

experimental observations. The fission barrier 

parameters (height and curvature) are amongst 

the most complicated aspects influencing 

fission probabilities. These barrier parameters 

directly correlate with the likelihood of the 

nucleus to undergo fission upon neutron 

absorption, thus playing an indispensable role 

in the estimation of fission probabilities. This 

comprehensive investigation elucidates the 

sophistication imbued within the fission of 

231Pa, highlighting the pivotal effects of NLD 

variation from ground state to saddle point, 

accompanied by the critical influence of barrier 

parameters. This research not only represents a 

significant stride in understanding neutron-induced 

fission mechanisms but also exemplifies the 

symbiotic relationship between advanced 

theoretical frameworks and practical applications in 

nuclear science. It is shown that the use of 

different NLD models has a significant effect on 

the calculation of the competitive fission cross-

section, and the NLD at the saddle points can 

have a very different behavior compared to the 

ground state. The behavior of NLD at the saddle 

points depends on the dynamic deformation of 

nucleus and how to account for collective and 

shell effects. 

2. Key components of competitive fission  

When a neutron collides with a target 

nucleus, it may be absorbed, leading to the 

creation of a compound nucleus in an excited 

state. The compound nucleus then undergoes 

de-excitation through various competitive 

channels, including gamma or particle 

emissions and fission. At low excitation 

energies, the fission process occurs relatively 

slowly and competes with the evaporation 

processes from the compound nucleus, which 

are studied by the Hauser-Feshbach formalism 

[34].  

In this formalism, the decay probability 

through channel  is obtained from the ratio of 

the transmission coefficient of channel  to the 

sum of the transmission coefficients of all 

channels   
= (P T T ) . The fission channel is 

distinct from other channels because it is not 

directly related to the remaining nuclei of the 

compound nucleus that has undergone fission. 

The phase space of the final products has no 

effect on the reaction when the decision to split 

is made. Therefore, for a given compound 

nucleus energy level CN

CNJ 
, there is only one 

fission transmission coefficient.  

In some models that describe the fission of 

heavy nuclei (transition state model), the NLD 

of the fissile nucleus on the fission barriers 

(density of transition states) and the height and 

shape of the fission barrier play a crucial role in 

determining the probability of this channel. The 

fission transmission coefficient is usually 

calculated using the Hill-Wheeler model and 

based on the transition state model proposed by 

Bohr [35,36]. The Hill-Wheeler expression 

determines the probability of quantum 
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tunneling through a barrier with height fB  and 

width f  for a compound nucleus with 

excitation energy *
CNE . 

 

1

1 2

HW *
f CN *

CN f

f

T (E )
(E B )

exp

=
 −

+ −  
 

                    (1)  

 

In the transition state model shown in Fig.1, 

the fission process occurs through intermediate 

states of the compound nucleus, and the 

probability of fission is determined by the 

density of these intermediate levels. The ground 

state excitation energy of the nucleus expressed 

as a function of deformation shows a bump 

which is the ground state barrier. On top of this 

barrier, there may be several levels of the 

compound nucleus, and a fission barrier is 

assigned to each of these levels, which are called 

transition states. In the first-order 

approximation, the barrier of transition states is 

equal to the barrier of the ground state, which is 

shifted by the energy of the transition states 

relative to the peak of the barrier of the ground 

state. The transmission coefficient for a 

transition state with excitation energy i above 

the peak of the fission barrier i becomes0 [37]: 

 

1

1 2

HW *
f CN i *

CN f i

f

T (E , )
(E B )

exp

 =
 − − 

+ −  
 

             (2) 

 

For a compound nucleus with a specific spin 

and parity CN

CNJ 
, all fission barriers associated 

with transition states having that same spin and 

parity CN

CNJ 
 will play a role in the fission process. 

Therefore, the total fission transmission 

coefficient is equal to the sum of the individual 

fission coefficients for each barrier that could 

potentially be tunneled through: 

 

 

CN
CN CN

*
CN

Th

J * HW *
f CN f CN CN

i

E
HW *

f CN CN f CNE

T (E ) T (E ). (i,J )

( ,J , ).T (E , ).d




=  +

    





               (3) 

 

Where f CN CN( ,J , )    is the fission NLD 

(density of transition states) in the deformation 

of the fission saddle point. In this expression, if 

the spin and parity of the transition state are the 

same as the compound nucleus, then 

1CN

CN(i,J )
 =  and otherwise, 0CN

CN(i,J )
 = . 

 

 

Fig. 1. Potential energy as a function of deformation for a 

single-humped barrier [37, 38]. 

As shown in Fig. 2, in many cases (especially 

in the mass region of actinides), multi-humped 

fission barriers (two or three peaks) are 

observed, which must be crossed in addition to 

the first barrier for fission to occur. The change 

in the shape of the fission barriers compared to 

the prediction of the liquid drop model (LD) and 

the creation of these multi-humped barriers is 

due to the application of shell effects (SM). 

Usually, a simple approximation can be 

sufficient to solve the multi-humped barriers 

problem.  
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In the case of double-humped barriers, first, 

the fission transmission coefficients for each of 

the fission barrier A and Bare calculated. Then it 

is assumed that it is possible to separate the 

tunneling process through these two barriers 

(such as the formation and decay of the 

compound nucleus) and express it as two 

separate stages (independence hypothesis). In 

this regard, we calculate the probability of 

crossing the first barrier TA, and then we 

multiply it by the probability of splitting. Once 

the first barrier is crossed, there are two 

possibilities: either crossing the barrier A and 

turning back with probability TA, or splitting 

through the barrier B with probability TB. 

Therefore, as in the case of the probability of 

decay into an exit channel(P T T )
  
=  , it is 

obvious that the probability of splitting after 

passing the first barrier will be: 
 

B
fission

A B

T
P

T T
=

+
                                                       (4) 

 

 
Fig. 2. Potential energy as a function of deformation 

(double-humped barriers) and fission dynamic [37, 38]. 

 

As a result, the effective fission transmission 

coefficient for the double-humped barriers is: 

CN CN
CN CN

CN
CN

CN CN
CN CN

J J
J A B

eff J J

A B

T .T
T

T T

 



 
=

+
                                  (5) 

In the case of the three-humped barriers, 

using the independence hypothesis leads to the 

following effective transmission coefficient: 

 

CN CN
CN CN

CN
CN

CN CN
CN CN

J J
J AB C

eff J J

AB C

T .T
T

T T

 



 
=

+
                                  (6) 

 

where, 
CN

CNJ

ABT


 is the previous transmission 

coefficient of the double barrier. 

 

3. Fission level density 

The nuclear level density (NLD) of a fissile 

nucleus is related to the deformation of the 

fission saddle point and the parameters of the 

fission barrier. In deformed nuclei, the effects of 

deformation, shell, and pairing correlations play 

a significant role in the NLD. Phenomenological 

NLD models, based on the Fermi gas model, do 

not consider the effects of deformation. 

However, collective effects due to deformation 

are incorporated into NLD both explicitly and 

implicitly. Explicitly, collective effects are 

included as multiplying factors in the intrinsic 

NLD. 

 

def x Rot x int x(E ,J, ) K (E ,J) (E ,J, )  =                  (7) 

 

where collective rotational factor is 

( )2 5/3
Rot cut off 2 exK 0.01389A 1 3 E a

− ⊥
=  = +

for ground state deformation and axially 

symmetric nuclei. KRot for barriers depends on 

the type of symmetry or asymmetry of barriers. 

For axially asymmetric in barriers: 

(8) 

( )2 2
Rot cut off 2 cut off exK 1 2 3 1 f(E ) 1

2
− ⊥ −

 
=  +   − + 
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where 2 5/3
cut off ex0.01389A aE a

−
 =  and 

( )( )bar bar
ex ex col colf(E ) 1 1 exp E E d   = + − are 

parallel spin cut off parameter and a 

combination of Fermi functions (where 

bar bar
col colE 45MeV,d 5MeV),= =  respectively. In 

the implicit (effective) way, the effective NLD 

parameter (NLDP) is calculated for each saddle 

point. All phenomenological models of NLD at 

energies higher than a few MeV (after matching 

energy EM) use the well-known Fermi gas 

relation [10]: 

 

2 aU

FG 1/4 5/4

e
(U)

12 a U


 =                                           (9) 

 

where a is energy-dependent NLDP (to account 

for shell effects) [39-41]: 

 

ex
ex

ex

1 exp( E )
a(E ) a 1 W

E

 − −
= +  

 
              (10) 

 

where W  is the shell correction energy and 

damping function of shell effects is 

ex ex1 exp( E ) E− − and the damping 

parameter ( ) determines the rate of approach 

of xa(E )  to 
2/3a A A= + (α&β&γ are global 

parameters [42]). The effective asymptotic 

NLDP for fission barrier is expressed as [37, 43]: 

 

( )( )

eff
ex ex

bar bar
ex ex col col

A
a f(E ) a(1 f(E )), 

13

f(E ) 1 1 exp E E d

= + −

 = + − −
 

 (11)

  

Where bar bar
col colE 30MeV,d 5MeV= =  [37]. 

  

 

4. Results and discussion  

Here, the cross section of the 231Pa fission 

reaction induced by neutrons is calculated using 

the TALYS nuclear reaction code (37) and all 

phenomenological and microscopic models of 

NLD without collective effects. The results of 

these calculations are then compared with 

experimental data, as shown in Fig. 3. 

 

 

Fig. 3. Comparison of fission cross section calculations 

using various NLD model (without collective effects) and 

experimental data [44-48]. 

 

It is evident that utilizing different NLD 

models greatly influences the calculation 

results. Furthermore, these models, when not 

taking into account the collective effect, are 

unable to accurately replicate the experimental 

data, except within the 6 to 11 MeV range. 

Therefore, it is crucial to make adjustments to 

incorporate the effects of deformation and 

collective excitations in the NLD, along with its 

effective parameters and the parameters of 

fission barriers. The outcomes of these 

modifications, as depicted in Fig. 4, demonstrate 

that these microscopic intricacies in the fission 

process can have a significant impact and 

improve the quality of reproducing the fission 

cross-section. 
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Fig. 4. Fission cross section calculations using adjusted 

CTM NLD model with collective effects and adjusted 

barrier parameters. 

 

The parameters for the microscopic details 

of the 231Pa(n,f) reaction, including NLD 

parameters such as the CTM model: matching 

energy (EM), T and E0 parameters, effective 

asymptotic NLDP, spin cutoff parameters, 

Ignatyuk relation parameters at saddle points) 

and fission barrier parameters (curvature and 

height), are provided to calculate the fission 

cross section. These parameters are shown in 

Table 1. As shown in Table 1 and Fig.  4, many 

parameters of the CTM model of nuclear level 

density in the ground state and on the inner and 

outer fission barriers have different values. This 

difference is due to the dynamic deformation of 

the nucleus compared to the deformation of its 

ground state during the fission process. In this 

investigation, the role of collective effects 

(rotational and vibrational) caused by this 

deformation on NLD is significant. By 

considering these effects in the calculations and 

adjusting other NLD parameters, the results of 

the calculations and simulations can be brought 

closer to the experimental values to a great 

extent. Determining and investigating how each 

component changes during the dynamic fission 

reaction is still one of the challenging issues in 

nuclear physics and technology. Itis being 

developed along with the improvement of 

laboratory methods. 

 

Table 1. The parameters of microscopic details of 231Pa(n,f) reaction for each barriers. 

Nuclei Barrier aeff T E0 EM δW Bf hω Barrier axiality 

232Pa 

inner 28.18818 0.32817 -0.87829 2.07533 1.98466 5.0 0.60 axially symmetric 

outer 30.95610 0.53817 -3.76143 3.76052 3.78528 6.2 0.40 tri-axial 

231Pa 

inner 28.16833 0.38172 -1.11469 4.91575 2.07699 5.5 1.0 axially symmetric 

outer 28.16833 0.40368 -0.85178 4.55453 2.07699 5.5 0.5 tri-axial 

5. Conclusions 

In this study, we investigated the 

microscopic details and components of nuclear 

fission for protactinium nuclei. We calculated 

the neutron-induced fission cross section for 

the 231Pa nucleus by determining the nuclear 

level density parameters at the saddle points on 

the fission barriers, as well as the shape and 

parameters  of  the  fission  barriers  (height  and  

 

curvature). Additionally, we obtained optimized 

values for the microscopic details of 

competitive fission. The effect of dynamic 

deformation by shape-dependent rotational 

enhancements was also considered in the NLD. 

Our findings revealed that different nuclear 

level density models have a significant impact 

on the results of the competitive fission 



 
 

M. Sepiani, M. Nasri Nasrabadi                                           Journal of Nuclear Research and Applications Volume 4 Number 4 Autumn (2024) 1-10 

8 

 

reaction. It was also demonstrated that the 

parameters of the NLD on the fission barriers 

differ significantly from the ground state, 

highlighting the importance of accurate 

determination for precise nuclear fission 

prediction. This information provides crucial 

insights into the dynamics and behavior of the 

nucleus during the fission process. Our results 

indicate that incorporating dynamic 

deformation effects in the NLD results in a 

substantial increase in the calculated fission 

cross section. Furthermore, different nuclear 

level density models significantly influence the 

results of the competitive fission reaction due to 

variations in level density values at the saddle 

points, impacting the calculated fission cross 

section. These findings are essential for 

comprehending the dynamics of nuclear fission. 

In conclusion, accurate determination of fission 

barriers and nuclear level density parameters is 

crucial for predicting the fission cross section 

accurately. This knowledge can be utilized to 

enhance nuclear models and design more 

efficient nuclear reactors. 
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